Ergodic Capacity Analysis of Wireless Powered AF Relaying Systems over
  $\alpha$-$\mu$ Fading Channels by Nauryzbayev, Galymzhan et al.
ar
X
iv
:1
71
2.
04
74
8v
1 
 [c
s.I
T]
  1
3 D
ec
 20
17
Ergodic Capacity Analysis of Wireless Powered AF
Relaying Systems over α-µ Fading Channels
Galymzhan Nauryzbayev, Khaled M. Rabie‡, Mohamed Abdallah∗
and Bamidele Adebisi‡
∗Division of Information and Computing Technology, College of Science and Engineering,
Hamad Bin Khalifa University, Qatar Foundation, Doha, Qatar;
‡School of Engineering, Manchester Metropolitan University, Manchester, UK, M15 6BH;
Email: nauryzbayevg@gmail.com; ∗moabdallah@hbku.edu.qa; ‡{k.rabie; b.adebisi}@mmu.ac.uk
Abstract
In this paper, we consider a two-hop amplify-and-forward (AF) relaying system, where the relay node is energy-
constrained and harvests energy from the source node. In the literature, there are three main energy-harvesting
(EH) protocols, namely, time-switching relaying (TSR), power-splitting (PS) relaying (PSR) and ideal relaying
receiver (IRR). Unlike the existing studies, in this paper we consider α-µ fading channels. In this respect, we derive
accurate unified analytical expressions for the ergodic capacity for the aforementioned protocols over independent
but not identically distributed (i.n.i.d) α-µ fading channels. Three special cases of the α-µ model, namely, Rayleigh,
Nakagami-m and Weibull fading channels were investigated. Our analysis is verified through numerical and simulation
results. It is shown that finding the optimal value of the PS factor for the PSR protocol and the EH time fraction for
the TSR protocol is a crucial step in achieving the best network performance.
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I. INTRODUCTION
Wireless power transfer has attracted significant research interest as a potential technology to prolong
the life-time of wireless battery-powered devices [1]–[6]. Exploiting radio-frequency (RF) signals for
simultaneous delivery of information and power promises to be one of the main efficient techniques for
wireless energy-harvesting (EH). In the literature, there are three known architectures for simultaneous
wireless information and power transfer (SWIPT), namely, power-splitting (PS), time-switching (TS) and
ideal relaying protocols [7].
Over the past few years, the performance of two-hop SWIPT systems has been widely analyzed. In
two-hop SWIPT systems, the relay node scavenges the energy from the received RF signal which is then
utilized to forward the source information to the destination node. The authors in [7], for instance, analyzed
the performance of two-hop amplify-and-forward (AF) systems in Rayleigh fading channels. The analysis
considered two relaying protocols, namely, time-switching relaying (TSR) and power-splitting relaying
(PSR) protocols. In [8], the authors evaluated the outage probability for a two-hop decode-and-forward
(DF) underlay cooperative cognitive network deploying the TSR and PSR protocols, again, in Rayleigh
fading channels. Furthermore, accurate analytical expressions of the ergodic capacity (EC) and achievable
throughput of a DF relaying system deploying the TSR and PSR protocols over Rayleigh fading channels
were derived in [9]. The outage performance in two-hop AF and DF over log-normal fading channels is
studied in [10] and [11], respectively. In addition, the authors in [7] and [12] focused on AF relaying
systems with EH constraints for an ideal relaying receiver (IRR) protocol.
To the best of our knowledge, the performance of wireless EH two-hop AF relaying networks over
α-µ fading channels has not been evaluated before in the literature. Therefore, we derive new expressions
for the EC in independent and not necessarily identically distributed (i.n.i.d.) α-µ fading channels. It is
worth to note that the α-µ distribution can be regarded as a generalized model covering small-scale fading
channels, namely, Rayleigh, Nakagami-m, Weibull, etc. The derived EC expression is unified in the sense
that it considers three different relaying protocols, namely, TSR, PSR and IRR protocols. The obtained
exact analytical expressions explain the behavior of these protocols under various parameters constituting
various special cases of the α-µ model, namely, Rayleigh, Nakagami-m and Weibull fading channels. Our
analysis is also validated by Monte Carlo simulations. Results reveal that the optimization of the EH TS
and PS factors in the corresponding TSR and PSR protocols maximizes the achievable EC. Moreover, the
IRR protocol achieves the best performance and the optimized PSR-based approach always outperforms
the optimized TSR scheme.
The remainder of this paper is organized as follows. Section II defines the system model and its
performance metric used in this paper. Sections III, IV and V derive new analytical expressions for the EC
over i.n.i.d α-µ fading channels for the TSR, PSR and IRR protocols, respectively. Section VI presents a
discussion of numerical and simulation results. Finally, Section VII concludes the paper.
II. SYSTEM AND CHANNEL MODEL
Consider a two-hop AF wireless communication system as shown in Fig. 1. In this system, we assume
that a source node (S) transmits information to a destination node (D) via energy-limited relay node (R)
operating in the AF mode and no direct link exists between S and D. The relay node amplifies and then
forwards the received signal to the destination. All nodes are equipped with a single antenna and operate
in half-duplex mode. We assume that the relay has no external power supply (i.e., powered by energy-
harvesting from source-transmitted signal). We also assume that the amount of power consumed by the
relay during data processing is negligible. The source-to-relay (S-to-R) and relay-to-destination (R-to-D)
links given by h1 and h2 are subject to quasi-static i.n.i.d. α-µ fading. The S-to-R and R-to-D distances
are denoted by d1 and d2, respectively; the corresponding path-loss exponents are given by m1 and m2. It
is also assumed that the fading coefficients remain constant during a transmission block time T but vary
independently from one block to another.
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Fig. 1. Two-hop AF relaying system model.
Since we assumed that the channel envelope r follows the α-µ distribution, the probability density
function (PDF) of the i−th hop is given by [13]
fhi(r) =
αiµ
µi
i r
αiµi−1
rˆαiµiΓ(µi)
exp
(
− µi
rˆαi
rαi
)
, (1)
where αi > 0 is an arbitrary parameter, rˆ indicates the α−root mean value given by rˆ = α
√
E [rαi ], E [·]
stands for the expectation operator and Γ (·) denotes the Gamma function defined as Γ(s) = ∫∞
0
ts−1e−tdt
[14]. Also, µi ≥ 12 is the inverse of normalized variance of rαi given by
µi = E [r
αi ] /
(
E
[
r2αi
]− E2 [rαi ]) . (2)
Note that the α-µ distribution is the most appropriate fading distribution that can be used to describe small-
scale fading channels, e.g., Rayleigh (α = 2, µ = 1), Nakagami−m (µ is the fading parameter with α = 2),
Weibull (α is the fading parameter with µ = 1) [15].
A. Ergodic Capacity
We define the EC as
E [CD] =
1
2
E [log2 (1 + γD)] , (3)
where CD and γD indicate the capacity and signal-to-noise ratio (SNR) at the destination, respectively; the
factor 1
2
shows that the S-to-D transmission requires two time slots.
III. TIME-SWITCHING RELAYING
The principle of the TSR protocol is as follows. The time required for S-to-D information transmission
is given by T , and the time fraction designated for EH is given by ηT (0 ≤ η ≤ 1). The remaining time,
(1− η)T , consists of two time slots to maintain the S-to-R and R-to-D transmissions.
The received signal at the relay can be written as [10]
yR(t) =
√
PS
dm11
h1s(t) + na(t), (4)
where PS stands for the source transmit power. The information signal and the noise at the relay are denoted
as s(t), satisfying E [|s(t)|2] = 1, and na(t), with variance σ2a, respectively. Accordingly, the energy harvested
at the relay can be presented as
ETSRH = θηT
(
PS
dm11
h21 + σ
2
a
)
, (5)
where the EH conversion efficiency θ (0 < θ ≤ 1) is mainly affected by the circuitry. During the R-to-D
transmission, the relay performs base-band processing and then amplifies the signal which can be written
as
sR(t) =
√
PRPS
dm11
Gh1s(t) +
√
PRGnR(t), (6)
where PR represents the relay transmit power, G is the relay gain defined as G = 1/
√
PS
d
m1
1
h21 + σ
2
R and
nR(t) = na(t) + nc(t) denotes the overall noise at the relay with σ
2
R = σ
2
a + σ
2
c , where nc(t) indicates the
noise added by the information receiver. Hence, the received signal at the destination can be expressed by
yD(t) =
√
PR
dm22
Gh2
(√
PS
dm11
h1s(t) + nR(t)
)
+ nD(t), (7)
where nD(t) denotes the noise term at the destination with variance σ
2
D. Since the harvested energy relates
to the relay transmit power as PR = E
TSR
H / ((1− η)T/2), it can be further rewritten using (5) as
PR =
2θη
1− η
(
PS
dm11
h21 + σ
2
a
)
. (8)
With this in mind, substituting (8) into (7) and after some algebraic manipulations, we can write the
SNR at D as
γD =
2θηPSh
2
1h
2
2
2θηh22d
m1
1 σ
2
R + (1− η)dm11 dm22 σ2D
. (9)
Now, to obtain an expression for EC for the TSR-based system, we first let a1 = 2θηPS, a2 = (1 −
η)dm11 d
m2
2 σ
2
D, a3 = 2θηd
m1
1 σ
2
R, A = a1X , and B = a2Y¯ , where X = h21 and Y¯ = h−22 . Having these
equations, the SNR γD can be presented as
γD =
A
B + a3 . (10)
Using (3) and (10), the TSR-based EC can be written as
E [CD] =
1− η
2
E
[
log2
(
1 +
A
B + a3
)]
. (11)
The term (1−η) implies that the data transmission occurs only within this time fraction while the remaining
time is used for EH purposes.
To simplify the EC analysis, we adopt in this paper the following lemma [16]
E
[
ln
(
1 +
u
v
)]
=
∫ ∞
0
1
s
(Φv(s)− Φv,u(s)) ds, ∀ u, v > 0, (12)
where Φv(s) is the moment generating function (MGF) of the random variable (RV) v. Φv,u(s) can be
calculated as Φv,u = Φv(s)Φu(s) if v and u are independent.
Since A and B are independent, the EC at D can be calculated using (12) as
E [CD] =
1− η
2 ln(2)
∫ ∞
0
1
s
(1− ΦA(s))ΦB+a3(s)ds, (13)
where ΦA(s) and ΦB+a3(s) indicate the MGFs of A and B+a3 given by ΦA(s) = ΦX(a1s) and ΦB+a3(s) =
ΦY¯ (a2s) exp (−a3s), respectively. Since X and Y¯ are drawn from the α-µ distribution, we need to modify
the PDF given in (1) to meet the changes taken on the RVs.
Definition Let Z be a continuous RV with generic PDF f(z) defined over the support t1 < z < t2 and
Q = g(Z) be an invertible function of Z with inverse function Z = ν (Q). Then, using the “change of
variable” method, the PDF of Q can be expressed as
fQ(q) = fZ (ν(q)) |ν ′ (q) | (14)
defined over the support g(t1) < q < t(c2).
Since we consider X = h21 and Y¯ = h
−2
2 , the corresponding PDFs can be rewritten using (14) as
fX(r) =
α1µ
µ1
1 r
α1µ1
2
−1
2rˆα1µ1Γ(µ1)
exp
(
− µ1
rˆα1
r
α1
2
)
, (15)
fY¯ (r) =
α2µ
µ2
2 r
−
α2µ2
2
−1
2rˆα2µ2Γ(µ2)
exp
(
− µ2
rˆα2
r−
α2
2
)
. (16)
The corresponding MGFs of the PDFs in (15) and (16), which will be used later in the EC analysis for
the various considered EH modes, can be calculated as
Φ(s) =
∫ ∞
0
exp (−sr) f(r)dr. (17)
ΦX(s) =
α1µ
µ1
1 k
1
2 l
α1µ1−1
2 s−
α1µ1
2
2rˆα1µ1Γ(µ1) (2pi)
l+k−2
2
Gk,ll,k
(( µ1
rˆα1k
)k ( l
s
)l∣∣∣∣∣ ∆
(
l, 1− α1µ1
2
)
∆(k, 0)
)
(20)
ΦY¯ (s) =
α2µ
µ2
2 k
1
2 l−
α2µ2−1
2 s
α2µ2
2
2rˆα2µ2Γ(µ2) (2pi)
l+k−2
2
G0,k+lk+l,0
((
µ2k
rˆα2
)k (
l
s
)l∣∣∣∣∣ ∆
(
l, 1 + α2µ2
2
)
,∆(k, 0)
–
)
(21)
ΦA(s) =
α1µ
µ1
1 k
1
2 l
α1µ1−1
2 (2θηPSs)
−
α1µ1
2
2rˆα1µ1Γ(µ1) (2pi)
l+k−2
2
Gk,ll,k
(( µ1
rˆα1k
)k ( l
2θηPSs
)l∣∣∣∣∣ ∆
(
l, 1− α1µ1
2
)
∆(k, 0)
)
(22)
ΦB+a3(s) =
α2µ
µ2
2 k
1
2 l−
α2µ2−1
2 ((1− η)dm11 dm22 σ2Ds)
α2µ2
2
2rˆα2µ2Γ(µ2) (2pi)
l+k−2
2
exp
(−2θηdm11 σ2Rs)×
G0,k+lk+l,0
((
µ2k
rˆα2
)k (
l
(1− η)dm11 dm22 σ2Ds
)l∣∣∣∣∣ ∆
(
l, 1 + α2µ2
2
)
,∆(k, 0)
–
)
(23)
Substituting (15) and (16) into (17), we can write the corresponding MGFs as follows
ΦX =
α1µ
µ1
1
2rˆα1µ1Γ(µ1)
∫ ∞
0
r
α1µ1
2
−1e−sre−
µ1
rˆα1
r
α1
2 dr, (18)
ΦY¯ =
α2µ
µ2
2
2rˆα2µ2Γ(µ2)
∫ ∞
0
r−
α2µ2
2
−1e−sre−
µ2
rˆα2
r−
α2
2 dr. (19)
These MGF integrals can be calculated in closed-form if the exponential functions in the integrands are
represented in terms of Meijer’s G-functions as [17, Eq. (8.4.3.1)]. Using [17, Eq. (2.24.1.1) and (8.2.2.14)],
and after some manipulations and integration steps, the MGFs of X and Y¯ are written as (20) and (21)
at the top of the next page, where l and k are prime numbers such that l/k = α/2 and ∆(β, φ) ={
φ
β
, φ+1
β
, . . . , φ+β−1
β
}
. It is worth to note that the same derivation approach will be further applied for the
other EH protocols. Finally, using these MGFs, we can obtain ΦA and ΦB+a3 given by (22) and (23).
IV. POWER-SPLITTING RELAYING
The PSR protocol operates over the time period, T , formed by two identical parts to maintain the S-
to-R and R-to-D transmission sessions. During the S-to-R transmission, the relay utilizes a portion of the
received signal power for EH, ρPS , while the rest of the power, (1 − ρ)PS , is dedicated for the R-to-D
transmission. Therefore, the received signal at the input of the energy harvester can be presented as
√
ρyR(t) =
√
ρPS
dm11
h1s(t) +
√
ρna(t). (24)
The PSR-based harvested energy can be calculated as
EPSRH =
θρT
2
(
PS
dm11
h21 + σ
2
a
)
. (25)
This energy is used to amplify and forward the information to D. Thus, the relay transmit signal can be
written as
sR(t) =
√
(1− ρ)PSPR
dm11
Gh1s(t) +
√
PRGnR(t), (26)
where G is the relay gain defined in this case as G = 1/
√
(1−ρ)PS
d
m1
1
h21 + σ
2
R and nR(t) =
√
1− ρna(t)+nc(t).
Hence, the signal at the destination can be written as
yD(t) =
√
PR
dm22
Gh2
(√
(1− ρ)PS
dm11
h1s(t) + nR(t)
)
+ nD(t). (27)
The relay transmit power relates to the harvested energy as PR =
2EPSR
H
T
and therefore can be rewritten
using (25) as
PR = θρ
(
PS
dm11
h21 + σ
2
a
)
. (28)
Substituting (28) into (27), and after some algebraic manipulations, we derive the SNR at D for the PSR
system as
γD =
θρ(1− ρ)PSh21h22
dm11 (θρσ
2
ch
2
2 + θρ(1− ρ)σ2ah22 + (1− ρ)dm22 σ2D)
. (29)
Below, to obtain an expression for the EC, first we let b1 = θρ(1− ρ)PS, b2 = (1− ρ)dm11 dm22 σ2D, b3 =
θρdm11 σ
2
c , b4 = θρ(1 − ρ)dm11 σ2a, K = b1X and L = b2Y¯ . Using these definitions, we can rewrite (29) as
γD =
K
L+ b3 + b4 . (30)
ΦK(s) =
α1µ
µ1
1 k
1
2 l
α1µ1−1
2 (θρ(1− ρ)PSs)−
α1µ1
2
2rˆα1µ1Γ(µ1) (2pi)
l+k−2
2
Gk,ll,k
(( µ1
rˆα1k
)k ( l
θρ(1− ρ)PSs
)l∣∣∣∣∣ ∆
(
l, 1− α1µ1
2
)
∆(k, 0)
)
(33)
ΦL+b3+b4(s) =
α2µ
µ2
2 k
1
2 l−
α2µ2−1
2 ((1− ρ)dm11 dm22 σ2Ds)
α2µ2
2
2rˆα2µ2Γ(µ2) (2pi)
l+k−2
2
exp
(−θρdm11 σ2cs) exp (−θρ(1− ρ)dm11 σ2as)×
G0,k+lk+l,0
((
µ2k
rˆα2
)k (
l
(1− ρ)dm11 dm22 σ2Ds
)l∣∣∣∣∣ ∆
(
l, 1 + α2µ2
2
,∆(k, 0)
)
–
)
(34)
Substituting (30) into (3), the EC can be calculated as
E [CD] =
1
2
E
[
log2
(
1 +
K
L+ b3 + b4
)]
, (31)
which, using (12), can also be written as
E [CD] =
1
2 ln(2)
∫ ∞
0
1
s
(1− ΦK(s)) ΦL+b3+b4(s)ds, (32)
where ΦK(s) and ΦL+b3+b4(s) denote the MGFs of the RVs K and (L+b3+b4) given by ΦK(s) = ΦX(b1s)
and ΦL+b3+b4(s) = ΦY¯ (b2s) exp(−b3s) exp(−b4s), respectively, and presented at the top of the next page.
Now, substituting (33) and (34) into (32) provides the PSR-based EC expression.
V. IDEAL RELAYING RECEIVER
Unlike the TSR and PSR systems, the IRR-based system has the capability to independently and
concurrently process the information signal and harvest energy from the same received signal. Therefore,
during the first time slot, the relay harvests energy and processes the information signal whereas in the
second time slot the relay uses the harvested energy to amplify and then forward the signal to the destination
node. Therefore, following the same procedure shown in Section IV, we get the SNR at D as
γD =
θPSh
2
1h
2
2
θdm11 σ
2
Rh
2
2 + d
m1
1 d
m2
2 σ
2
D
. (35)
Below, to obtain an expression for the EC over α-µ fading channels, first we let c1 = θPs, c2 =
ΦE(s) =
α1µ
µ1
1 k
1
2 l
α1µ1−1
2 (θPss)
−
α1µ1
2
2rˆα1µ1Γ(µ1) (2pi)
l+k−2
2
Gk,ll,k
(( µ1
rˆα1k
)k ( l
θPss
)l∣∣∣∣∣ ∆
(
l, 1− α1µ1
2
)
∆(k, 0)
)
(39)
ΦF+c3(s) =
α2µ
µ2
2 k
1
2 l−
α2µ2−1
2 (dm11 d
m2
2 σ
2
Ds)
α2µ2
2
2rˆα2µ2Γ(µ2) (2pi)
l+k−2
2
exp
(−θdm11 σ2Rs)×
G0,k+lk+l,0
((
µ2k
rˆα2
)k (
l
dm11 d
m2
2 σ
2
Ds
)l∣∣∣∣∣ ∆
(
l, 1 + α2µ2
2
,∆(k, 0)
)
–
)
(40)
dm11 d
m2
2 σ
2
D, c3 = θd
m1
1 σ
2
R, E = c1X and F = c2Y¯ . Therefore, we can rewrite (35) as
γD =
E
F + c3 . (36)
Similar to the previous sections, the EC can be given as
E [CD] =
1
2
E
[
log2
(
1 +
E
F + c3
)]
. (37)
Also,
E [CD] =
1
2 ln(2)
∫ ∞
0
1
s
(1− ΦE(s))ΦF+c3(s)ds, (38)
where ΦE(s) and ΦF+c3(s) denote the MGFs of the RVs E and (F + c3) given by ΦE(s) = ΦX(c1s) and
ΦF+c3(s) = ΦY¯ (c2s) exp(−c3s), respectively, shown at the top of the next page. Finally, substituting (39)
and (40) into (38) provides the EC for this system.
VI. SIMULATION RESULTS
This section presents numerical results for the EC expressions derived above. The adopted system
parameters are as follows: G = 1, m1 = m2 = 2.7 m, σR = σD = 0.02 W, σa = σc = σR/2. By assigning
different values for the α and µ parameters, we derive the Rayleigh (α = 2 and µ = 1), Nakagami-m
(α = 2) and Weibull (µ = 1) fading coefficients.
A. Ergodic Capacity
Here, we study the impact of η and ρ on the EC for the TSR- and PSR-based systems. We consider
the following network parameters: d1 = d2 = 3 m, PS = 1 W and θ = {0.5; 1}. Fig. 2 illustrates some
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(b) Nakagami-m distribution (α = 2 and
µ = m = 2).
0,0 0,2 0,4 0,6 0,8 1,0
0,0
0,2
0,4
0,6
0,8
1,0
1,2
1,4
1,6
1,8
2,0
 = 0,5
 = 1
 
 
Er
go
di
c 
C
ap
ac
ity
EH Time Fraction (  ), 
Power Splitting Factor ( )
 TSR
 PSR
 Simulation
(c) Weibull distribution (α = 3 and µ = 1).
Fig. 2. EC versus the EH PS and TS factors for the PSR and TSR protocols with various parameters of
the α-µ fading channel.
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Fig. 3. EC versus the R-to-D distance (d2 = 10 − d1) for the optimized TSR, optimized PSR and IRR
protocols with different parameters of the α-µ fading channel for PS = {1; 5} W.
numerical and simulation results for the ECs as a function of ρ and η for different channel distributions
derived from the α-µ distribution. Eqs. (13) and (32) are used to obtain the analytical results for the TSR
and PSR systems, respectively. For the case of the TSR protocol, no sufficient time is allocated for EH
when η is small and thus the relay scavenges only a small amount of power which correspondingly results
in poor capacity. Being η too large leads to the excessive amount of the harvested energy at the price
of the time dedicated for information transmission which obviously results in poor capacity. The similar
justification can be applied to ρ for the case of the PSR protocol. It is worth to note that the selection of
η and ρ mainly defines the performance of these protocols.
B. System Optimization
Now, to assess the performance of the optimized PSR and TSR systems, first we find the optimal values
of η and ρ given by η∗ and ρ∗ with PS = {1; 5}W and θ = 1 for the corresponding PSR and TSR protocols
by solving the following d {E [CD]} /dη = 0 and d {E [CD]} /dρ = 0. It is worthwhile to mention that it is
not easy to derive a closed-form solution for these equations; however, it can be calculated with software
tools such as Mathematica.
Fig. 3 presents the maximum achievable EC according to η∗ and ρ∗ versus the R-to-D distance when
the end-to-end distance is kept fixed at 10 m. It can be seen that the optimized PSR-based system always
outperforms the optimized TSR protocol irrespective of the relay location. The IRR protocol provides the
best performance among all the protocols under consideration. At d2 = 9 m (when the relay node is located
close to the source node), the optimized PSR-based relaying approaches the performance of that of the
IRR system. Moreover, the lowest EC for the three systems is detected when the relay location is midway
between the source and destination nodes. This occurs due to the fact that, EH in this region achieves its
peak which considerably affects the time dedicated for information transmission and hence the overall EC.
VII. CONCLUSION
In this paper, we analyzed the performance of various EH relaying protocols over different i.n.i.d. α-
µ fading channels, namely, Rayleigh, Nakagami-m and Weibull fadings. We derived accurate analytical
expressions for the EC for the three EH systems, namely, TSR, PSR and IRR, which were validated
with Monte Carlo simulations. The results showed that a proper choice of the TS and PS factors in
the corresponding protocols is a key to acquire the best performance. In addition, the IRR-based system
was shown to have the best performance and the optimized PSR-based approach always outperforms the
optimized TSR scheme.
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